
Hill' sscalingisonly approximate.Experimental simulationsrevealedthat, for ®xed
integrationtimes,themaineffectof changingg wasto in¯uencethe®nalaveragevaluesof
the semimajoraxesof capturedmoonswith respectto theplanet; in contrast,the ®nal
inclination distributionswerequiterobustto theprecisevalueof thisparameter. Thuswe
choseg heuristicallysothat thecapturedmoonsendedup roughlyin theobserved
semimajoraxisranges;wesetg ˆ 7 £ 102 5 in units scaledfor Jupiter, and g ˆ 2 £ 102 4

in units scaledfor Saturn.
Integrationswereperformed for both Jupiter and Saturn for amaximum of 10,000years

for each test particle.Integrationswerestopped, asexplained in the text, if test particles
crossedtheorbit of Callisto (at Jupiter) or Titan (at Saturn), or if they left theHill sphere.
Thesimulationsreported in Fig. 4 werestopped when 50 moonshad been captured, but
computationsin whichseveral thousand moonswerecaptured producesimilar results.We
havealsoperformedparallel simulationsin theelliptic restricted three-body problem for
Jupiter and Saturn, and also used different formsof dissipationÐ for example, nebular gas-
drag,Fdrag ˆ 2 gjvjv (ref. 11). All of thesevariationsproducedcomparable results.

Kapitzaaveraging
Therelativestability of progradeand retrogradeorbits in 2D canbeunderstood
qualitativelybyTaylorexpansionof thesolarpart of theCRTBPhamiltonian,followedby
Kapitzaaveragingin planepolar coordinatesover the angle J conjugateto hz. This is
similar to theanalogousproblemof ionization (escape)of an electronfrom a hydrogen
atom in a rotating®eld29,30. As in theatomic problem,this strategy producesaneffective
potential whosesaddlepoint ishigher for onesenseof angularmomentum:in this case,
the retrogradeorbits, which arethereforemorestablethan the progradeorbits. Further,
usingmethodssimilar to thosein ref.23,it is possibleto showthat hz is thelowest-order
term in an approximate`third-integral' valid insidetheHill sphere.
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Insights into the dynamicsof a complex systemareoften gained
by focusingon large¯uctuations. For the ®nancialsystem,huge
databasesnow exist that facilitate the analysisof large ¯uctua-
tions and the characterization of their statistical behaviour1,2.
Power laws appearto describe histograms of relevant ®nancial
¯uctuations, suchas¯uctuations in stockprice, trading volume
and the number of trades3±10. Surprisingly, the exponentsthat
characterize thesepower lawsaresimilar for different typesand
sizes of markets, for different market tr ends and even for
different countriesÐ suggestingthat a generic theoretical basis
may underlie thesephenomena.Hereweproposeamodel,based
on aplausiblesetof assumptions,which providesanexplanation
for these empirical power laws. Our model is based on the
hypothesisthat large movementsin stock market activity arise
from the tradesof largeparticipants. Starting from an empirical
characterization of the size distribution of those large market
participants (mutual funds), we show that the power laws
observed in ®nancialdata arise when the trading behaviour is
performed in an optimal way. Our model additionally explains
certain striking empirical regularities that describe the relation-
ship betweenlarge¯uctuations in prices,trading volumeandthe
number of trades.

De®nept asthepriceof agivenstockandthestockprice r̀eturn'
r t as the changeof the logarithm of stock price in a given time
intervalDt; rt ; ln pt 2 lnpt2 Dt : Theprobabilitythatareturnhasan
absolutevaluelargerthanx is foundempiricallyto be(seeFig. 1)4,8:

P…jrt j . x†, x2 zr …1†

with zr < 3. Empirical studiesalsoshowthat the distribution of
tradingvolumeV t obeysa similar powerlaw9:

P…V t . x†, x2 zV …2†

with zV < 1:5; while the numberof tradesN t obeys10:

P…N t . x†, x2 zN …3†

with zN < 3.4.
The ìnverse cubic law' of equation (1) is rather ùniversal',

holding over as many as 80 standarddeviations for somestock
markets,with Dt rangingfrom one minute to one month, across
differentsizesof stocks,differenttimeperiods,andalsofor different
stockmarketindices4,8.Moreover, themostextremeeventsÐ includ-
ing the 1929and 1987marketcrashesÐ conform to equation(1),

³ Presentaddress: GoldmanSachsandCo., 10HanoverSquare,New York, New York 10005,USA.
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demonstratingthat crashesdo not appearto be outliers of the
distribution. We test the universalityof equations(2) and (3) by
analysingthe35million transactionsof the30largeststockson the
Paris Bourseover the 5-yr period 1994±1999.Our analysisshows
that thepowerlaws(2) and(3) obtainedfor USstocksalsohold for
a distinctly different market, consistentwith the possibility that
equations(2) and(3) areasuniversalasequation(1).

Here,wedevelopamodelthatdemonstrateshowtradingby large
market participants explainsthe above power laws. We beginby
noting that largemarketparticipantshave largeprice impacts11±14.
To seewhy thisisthecase,observethatatypicalstockhasaturnover
(fraction of sharesexchanged)of approximately50%ayear, which
impliesadailyturnoverof approximately50%/250̂ 0.2%Ð that is,
on average0.2%of outstandingshareschangehandseachday. The
30th-largestmutual fund ownsabout0.1%of suchastock(Center
for Research in Securit y Prices; http//gsbwww.uchicago.edu/
research/crsp/). If the managerof sucha fund sellsits holdingsof
this stock,the salewill representhalf of the daily turnover, andso
will affectboth the price and the total volume15±17. Sucha theory
where largeindividual participantsmove the market is consistent
with the evidencethat stock market movementsare dif®cult to
explainwith changesin fundamentalvalues18.

Accordingly, we®rstperformanempiricalanalysisof thedistri-
bution of the largestmarketparticipantsÐ mutual funds.We ®nd,
for eachyear of the period 1961±1999,that for the top 10% of
distribution of themutual funds,themarketvalueof themanaged
assetsSobeysthe powerlaw

P…S. x†, x2 zS …4†

with zS ˆ 1:05^ 0:08: Exponentsof approximatelyone have also
beenfound for the cumulative distributions city size19 and ®rm
sizes20,21, and the origins of this `Zipf' distribution are becoming
betterunderstood22. On thebasisof theassumptionthat managers
of largefundstradeon their beliefsaboutthefuturedirectionof the
market,andthat theyadjusttheir speedof tradingto avoid moving
themarkettoo much,wewill seethat their tradingactivity leadsto
zr ˆ 3 andzV ˆ 1.5.

In order to proceed,we®rstpresentempiricalevidencefor the
shapeof the price impact, then proposean explanationfor this
shape,and ®nallyshowhow the resulting trading behaviourgen-
eratespowerlaws(1)±(3).

First,thepriceimpactDpof atradeof sizeV hasbeenestablished
to havean increasingandconcavefunctionalform that issimilarfor

a largenumberof stocks23,24. Wehypothesizethat for largevolumes
V its functional form is:

r ˆ Dp . kV1=2 …5†

for someconstantk. So we investigateempirically the relation
(Fig. 2):

E‰r2 j VŠ, V …6†

whichissupportedbystandardstatisticaltests.Becauserelation (5)
implies P…r . x†, P…kV1=2 . x† ˆ P…V . x2=k2†, x2 2zV ; it fol-
lowsthat:

zr ˆ 2zV …7†

Thus, the power law of returns, equation (1), follows from the
powerlawof volumes,equation(2), andthesquare-root form-price
impact,equation(5). Wenextdevelopa framework for explaining
equations(2) and(5).

We considerthe behaviourof onestockwhoseoriginal price is,
say, one.The mutual fund managerwho wishesto buy V shares
offers a price increment Dp, so that the new price will become
1 ‡ Dp. Eachselleri of sizesi who is offereda price increaseDp
suppliesthe fund managerwith qi shares.Elementary consider-
ationsleadus to hypothesizeqi < siDp (seeSupplementary Infor-
mation). Thenumberof sellersavailableafterthefund managerhas
waiteda time T is proportional to T. Thusaftera time T, the fund
managercan,on average,buyaquantity of sharesequalto kTkslDp
for someproportionality constantk. Thesearchprocessstops(and
thetradesareexecutedsimultaneously)whenthedesiredquantityV
is reachedÐ that is, whenkTkslDpˆ V; sothe time neededto ®nd
the sharesis:

T ˆ
V

kslkDp
,

V
Dp

…8†

Hencethereisatrade-offbetweencostDpandthetimeto execution
T; if thefund managerdesiresto realizethetradein ashort amount
of time T, the managermustpaya largepriceimpactDp , V=T:

Let usconsiderthe fund manager'sdecisionproblem.Managers
trade on the assumptionthat a given stock is mispriced by an
amount M, de®nedasthe difference betweenthe fair valueof the
stockandthe tradedprice14,25,26. Themanagerwantsto exploit this
mispricing quickly, as he expects that the mispricing will be
progressivelycorrected,that is, expectsthat the pricewill increase

Figure1Cumulativedistributionsofthenormalized15-minabsolutereturnsofthe1,000
largestcompaniesinthe`TradesandQuotes'databaseforthe2-yrperiod1994±1995.
Wede®nethenormalizedreturnasr it ˆ …~rit 2 ~ri†=j i ; whererÄi andj i arethemean
andthestandarddeviationoftheunnormalizedreturnrÄit ofstocki. WeobtainP…jr t j .
x†, x2 zr withzr ˆ 3:1^ 0:1:

Figure2 Conditionalexpectationofthesquaredreturnr 2 giventhevolumeV. Here,the
returnisnormalizedasinFig.1,andthevolumeisnormalizedasVit ˆ ~Vit=~Vi ; whereVÄi
is theaverageof theunnormalizedvolumesVÄit ofstocki. Thebandsrepresent95%
con®denceintervals.ThetheorypredictsarelationE‰r2 j VŠ ˆ aV‡ b; the`squareroot'
priceimpactofvolume.Statisticaltestsreportedin theSupplementaryInformation
con®rmthisrelation.
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ataratem. Hence,afteradelayof T, theremainingmispricingisonly
M 2 mT. Thetotal pro®tpershareB/V is therealizedexcessreturn
M 2 mT minus the priceconcessionDp, which gives:

Bˆ V…M 2 mT 2 Dp† …9†

The fund manager's goal is thus to maximizeB, the perceived
dollarbene®tfrom trading.TheoptimalpriceimpactDpmaximizes
B subject to equation (8), T ˆ aV=Dp; that is, Dp maximizes
V…M 2 maV=Dp2 Dp†; which givesequation (5).

Thetime to executionis T , V=Dp, V1=2; and the number of
c̀hunks' in which the block is divided is N , T , V1=2: These
effectshavebeenqualitativelydocumentedin refs11,12,23.Thelast
relationgives:

zN ˆ 2zV …10†

which in turn predicts zN ˆ 3, a value that is approximately
consistentwith the empiricalvalueof 3.4(ref. 10).

Thusfar, wehavea theoreticalframeworkfor understandingthe
square-root price impact of trades,equation (5), which with
equation(2) explainsthe cubic law of returns,equation(1). We
now focuson understandingequation (2).

We show that returns and volumesare power-law distributed
with tail exponents:

zr ˆ 3 and zV ˆ 3=2 …11†

provided the following four conditions hold: (1) the power law
exponentof mutual fund sizesis zS ˆ 1 (Zipf 's law); (2) the price
impactfollowsthesquareroot law, equation(5); (3) fundstradein
typical volumesV < Sd with d . 0; and (4) funds adjust trading
frequencyand/or volume soasto pay transactionscostsin sucha
waythat if wede®nec(S) as:

c…S†;
Annual amount lost by the fund in price impact

ValueS of the assetsunder management
…12†

thenc(S) is independentof Sfor largeS.
Theempiricalvalidityof conditions(1) and(2) wasshownabove,

while condition (3) is a weak,largelytechnical,assumptiondis-
cussedin the Supplementary Information. Condition (4) means
that fundsin the upper tail of the distribution payroughlysimilar
annualprice-impactcosts;that is, c(S) reachesan asymptote for
largesizes.Weinterpretthisasanevolutionary `survivalconstraint'.
Fundsthat would have a very largec(S) would have smallreturns
andwould beeliminatedfrom themarket.Theaveragereturn r(S)
of fundsof sizeSis independentof S(ref. 27).Becauseboth small
andlargefundshavesimilarlylow ability to outperformthemarket,
c(S) isalsoindependentof S.

ForeachblocktradeV (S) a fund of sizeSincursa priceimpact
proportional to VDp which, from condition (2), is V3/2. If F (S) is
the fund's annual frequencyof trading, then the annual loss in
transactionscostsis F(S)´V3/2, so:

c…S† ˆ F…S†́‰V…S†Š3=2=S …13†

Condition (4) impliesthateitherV(S) or F(S) will adjustin orderto
satisfy:

F…S†, Ś‰V…S†Š2 3=2 …14†

Condition (1) implies that the probability density function for
mutual fundsof sizeS is r …S†, S2 2: Becausecondition (3) states
that V , Sd . x; andbecausetheytradewith frequencygivenby F
(S) in equation(14):

P…V . x†,
…

Sd. x
F…S†r …S†dS

,
…

S. x1=d
S12 3d=2S2 2 dS, x2 3=2

…15†

which leadsto a power-law distribution of volumeswith exponent

Figure3 ConditionalexpectationsforE(r j V0),E(V0 j r),E(Nj V0),E(Nj N0),and
E(N0/Nj V0).Weform,foreachintervalDt ˆ 15min,thequantities(1)r, thereturn;(2)
VB(orVS),thenumberofsharesexchangedinabuyer-(orseller-)initiatedtrade28; (3)NB

(orNS), thenumberofbuyer-(orseller-)initiatedtrades,V0 ; VB2 VS; andN0 ;
NB2 NS: Theleftpanelsshowtheempiricalvaluesforthe116mostfrequently
tradedstocksin the`TradesandQuotes'databaseforthe2-yrperiod1994±1995.
Variablesarenormalizedtounitvarianceaftersettingthemeantozero;forvariablessuch
asvolumeforwhichthevariancedoesnotexist,wehavenormalizedbythe®rstmoment
instead.Therightpanelsshowthemodel'spredictions,whichagreewellwiththe
empiricaldata.
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zV ˆ 3/2. Moreover, from equation(7), it follows that zr ˆ 3. In
addition, theaboveresultdoesnot dependon detailsof thetrading
strategy, such as the speci®cvalue of d. (The Supplementary
Information indicatesa numberof waysin which onecanweaken
theassumptionsof independentandidenticaldistributionsmadein
this Letter.)

Although our model is mainly motivatedby the regularitiesof
returns, volume and number of tradestaken separately, we also
make predictionsfor the joint behaviourof thosequantities.In a
giventime intervalDt, therewill beJ r̀ounds'whereafund manager
createsone or more trades.Eachround j createsa volume V j, a
return ^ V1=2

j and a number of tradesV1=2
j : Then the total

volume,numberof trades,and returns,will beV ;
P J

jˆ 1V j; N ;P J
jˆ 1V

1=2
j and r ;

P J
jˆ 11jV

1=2
j ; with 1j ˆ ^ 1: As a measure of

trade imbalance,we useN 0, the numberof buyer-initiated trades
minusthenumberof seller-initiated trades28, andV 0, thenumberof
sharesexchangedin a buyer-initiated trademinus the number of
sharesexchangedin seller-initiated trades.

Wenext focuson equal-timerelationshipsbetweenV, N, andV 0

(ref. 24), usingdatafrom the `TradesandQuotes'database(New
York Stock Exchange; http://www.nyse.com). These equal-time
relationships are found to be universal across the large set of
stocksanalysedin ref. 24. Figure3a shows that the pricesimpact
function E…r j V 0†producedby themodelmatchesdata.Weobserve
thatJ.. 1 (aggregation overseveral trades)̄ attenstheshapeof the
priceimpactversusV. Westudyavariantof Fig. 3ain Fig. 3b, which
plots E…V 0j r†: Surprisingly, the shapeis now roughly linear, a
feature predicted by the model. The cause of the linearity is,
again, the aggregation over several trades. Figure 3c, E(NjV 0),
teststhemodelprediction thatperiodswith largevolumeimbalance
V 0 areperiodswherea largenumber N of tradesaremade. Onesees
that thedatadisplay arelationship that issimilar to thatpredicted by
themodel. Figures3a±csupport theview that largereturnsand large
numbersof tradesgo togetherwith largevolumeimbalancesV 0.

It is an important feature of the model that largetradesbeget
more trades.Indeed,in our model:

jN 0j , N …16†

for largeN andisdominatedbyonelargefund managerwhodesires
to tradeavolumeV j , andcreatesa numberof ordersV1=2

j ; sothat
N j , N, jN 0

jj and jN 0j have the sameorder of magnitude,V1=2
j :

Relation (16) meansthat most tradeshave the samesign,that is,
movethepricein thesamedirectionÐ with thesignof the tradeof
thelargefund manager. Equation(16) is indeedconsistentwith the
empirical data shown in Fig. 3d. This contrasts with a simple
alternativemodel where eachdesireto trade would createonly
onetrade,asin a competitivemarket.In this alternativemodelwe
would haveN 0 ˆ

P N
iˆ 11i; whereei ˆ ^ 1,leadingto jN 0j , N1=2 in

the tail eventsor E‰N j N 0Š, N 02 in contrastto thedatain Fig. 3d.
Figure 3e supports the view that in periods of high volume
imbalanceV 0, most tradeschangethe price in the samedirection.
Indeed,thedataandthemodelexhibitasimilarsharptransitionof
N 0/N asV 0 changessign. A
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Defects and their associated long-range strain ®eldsare of
considerableimportance in many areasof materials science1,2.
For example,a major challengefacing the semiconductor indus-
tr y istounderstandthein¯uence of defectson deviceoperation,a
taskmadedif®cult by the fact that their interactionswith charge
carriers can occur far from defectcores, wherethe in¯uence of
the defect is subtle and dif®cult to quantif y3,4. The accurate
measurementof strain around defectswould therefore allow
more detailed understanding of how strain ®eldsaffect small
structuresÐ in particular their electronic,mechanicalandchemi-
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