Hill's scalingis only approximate.Experimantal simulationsrevealedthat, for ®ed
integrationtimes the main effectof changingy wasto in" uencethe®nalaveragevaluesof
the semimajoraxes of capturedmoonswith respecto the planet;in contrast,the ®nal
inclination distributionswerequite robustto the precisevalue of this parameterThuswe
choseg heuristicallysothat the capturedmoonsendedup roughlyin the obseved
semimajoraxisranges;wesetg ~ 7 £ 107 °in units scaledor Jupiter,and g~ 2 £ 1%
in units scaledor Saturn.

Integationswere peformed for both dupiter and Satirn for amaximum of 10,000years
for each test particle. Integrationswetre stopped asexplained in the text, if teg particles
crossedthe orbit of Calisto (at Jupiter) or Titan (a Saurn), or if they |eft the Hill sphere.
Thesimulationsreported in Fig. 4 were stopped when 50 moons had been captured, but
computationsin which several thousand moonswere cgptured produce similar resuts. We
have alsopeformedparallel simulationsin the dliptic restricted threebody problem for
Jupiter and Saturn, and al used different forms of disspationb for exanple, nebular gas-
drag,Faag” 2 gjvjv (ref 11). All of thesevariations produced comparable resuts.

Kapitzaaveraging

Therelativestability of progradeand retrogradeorbits in 2D canbeunderstoal
qualtativelyby Taylorexpansiorof thesolarpart of the CRTBPhamiltonian, followedby
Kapitzaaweragingin planepolar coordinatesover the angle J conjugateto h,. Thisis
similar to the analogougproblemof ionization (escapepf an electronfrom a hydrogen
atomin arotating ®lc?** Asin the atomic problem,this stratey producesan effective
potertial whosesaddlepoint is higher for onesensef angularmomentum:in this case
the retrogradeorbits, which arethereforemore stablethan the progradeorbits. Further,
usingmethodssimilar to thosein ref. 23, it is possiblego showthat h, is the lowest-oder
termin an appraximate ‘third-integral’ valid insidethe Hill sphere.
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Atheoryof power-law distributions
in ®nancialmarket uctuations
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Insights into the dynamicsof a complex systemare often gained
by focusingon large uctuations. For the ®nancialsystem,huge
databasesiow exist that facilitate the analysisof large "uctua-

tions and the characteization of their statistical behavour®2

Power laws appearto descibe histograms of relevant ®nancial
“uctuations, suchas uctuations in stock price, trading volume
and the number of trades*'° Surprisingly, the exponentsthat

characteize thesepowe lawsare similar for different typesand
sizes of markets, for different market trends and even for

different countriesb suggestingthat a geneic theoretical basis
may underlie thesephenomena. Herewe proposea model, based
on aplausiblesetof assumptionswhich providesan explanation
for these empirical power laws Our mode is based on the
hypothesisthat large movementsin stock market activity arise
from the tradesof large participants. Starting from an empirical

characteization of the size distribution of those large market
participants (mutual funds), we show that the power laws
obsewed in ®nancialdata arise when the trading behaviour is
performed in an optimal way. Our model additionally explains
certain striking empirical regularities that descibe the relation-

ship betweenlarge uctuations in prices trading volumeandthe
number of trades.

De®nep, asthe priceof agivenstockandthe stockprice return'

r. asthe changeof the logarithm of stock price in a given time
intervalDt;r; Inp 2 Inp pe: Theprobabilitythatareturnhasan
absolutevaluelargerthanx isfound empiricallyto be(seeFig. 1)*2

2n Shy

with z, < 3. Empirical studiesalsoshowthat the distribution of
trading volume V obeysa similar powerlaw?®;

P.rjj. xt, x

P\, . xt, x2% 2t
with zy < 1:5; while the numberof tradesN, obey$>
P.N;. xt, x22 .3t

with zy < 3.4.

The ‘invers cubic law' of equation (1) is rather ‘universa’,
holding over as mary as 80 standarddevations for somestock
markets,with Dt rangingfrom one minute to one month, across
differentsizeof stocksdifferenttime periods,andalsofor different
stockmarketindices® Moreover, themostextremeevent® includ-
ing the 1929and 1987marketcrasheB conform to equation(1),

3 PresentaddressGoldmanSachsnd Co., 10 Hanover Squae, New York, New York 10005 USA.
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demonstratingthat crashesdo not appearto be outliers of the

distribution. We testthe universalityof equations(2) and (3) by

analysinghe 35million transaction®f the 30largesistockson the

Paris Bourseover the 5-yr period 1994+19990ur analysisshows
thatthe powerlaws(2) and(3) obtainedfor USstocksalsohold for

a distinctly different market, consistentwith the possibility that

equationg2) and(3) are as universalasequation(1).

Here,wedeveloppmodelthatdemonstratehowtradingby large
market participants explainsthe above power laws. We begin by
noting that largemarketpatticipantshawe largeprice impacts**4
To seewhy thisisthecasegbsevethatatypicalstockhasaturnover
(fraction of shareexchangedpf appraximately50%a year which
impliesadailyturnoverof appraximately50%/250° 0.2%® thatis,
on awerage).2%of outstandingsharechangehandseachday The
30th-largesmutual fund ownsabout0.1%o0f sucha stock(Center
for Reseach in Security Prices http//gsbwww.uchicago.edu/
reseech/crsp/). If the managerof sucha fund sellsits holdingsof
this stock,the salewill representhalf of the daily turnover, and so
will affectboth the price and the total volumé®**” Sucha theory
whete largeindividual participants move the marketis consistent
with the evidencethat stock market movementsare dif®cult to
explainwith changedn fundamentalvalues®.

Accordingly, we ®rstperform an empiricalanalysisof the distri-
bution of the largestmarketparticipant® mutual funds. We ®nd,
for eachyear of the period 1961+1999that for the top 10% of
distribution of the mutual funds, the marketvalueof the managed
asset$ obeyshe powerlaw

P.S. xt, x?%s At

with zs™ 1:05" 0.08 Exponentsof appraximatelyone hawe also
beenfound for the cumulaive distributions city sizé€® and ®rm
size€2% and the origins of this “Zipf' distribution are becoming
betterunderstood?® On the basisof the assumptiorthat managers
of largefundstrade on their beliefsaboutthe future directionof the
market,andthat theyadjusttheir speedf tradingto awid moving
the markettoo much,wewill seghattheir tradingactivity leadso
z,” 3andzy” 1.5.

In orderto proceed,we ®rstpresentempirical evidencefor the
shapeof the price impact, then proposean explanationfor this
shapeand ®nallyshowhow the resuling trading behaviourgen-
eratepowerlaws (1)£(3).

First,the priceimpactDp of atradeof sizeV hasbeenestablished
to hawean increasin@ndconcaefunctionalform thatis similarfor

10° T T

1071

102

1073

1074

107

Distribution function, P(1r,| > x)

1076

1
10
X (units of standard deviation)

107 10° 10?
Figurel Cumulativistributiordthenormalizelb-mirabsoluteeturnefthel,000
largestompassinthe TradeandQuoteglatabastmrthe2-yrperiod 994+1995
Wede®nthenormalizegturrasry ~ .5 2 115 ;; whergAandj ; arethemean
andthestandardeviatiooftheunnormalizeeturrf\ ofstock. We obtairP..tjj .
xt, x2% withz, ~ 317 O:1:
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alargenumberof stock$*?% We hypothesizehat for largevolumes
V its functional form is:

r~ Dp. kv 5t
for some constantk. So we investigateempirically the relaion
(Fig. 2):

E%SjVS V .61

whichis suppotted by standardstatisticatests Becauseeldion (5)
implies P.r.. xt, P.kV¥?. xt~ P\ . x2=k?t, x2%v; it fol-
lowsthat:

Zy - 2zy Al

Thus, the power law of returns, equation (1), follows from the
powerlaw of volumesgquation(2), andthesquare-oot form-price
impact, equation(5). We nextdevelopa framewak for explaining
equatins(2) and (5).

We considerthe behaviourof one stockwhoseoriginal priceis,
say one. The mutual fund managerwho wishesto buy V shares
offers a price increment Dp, s0 that the new price will become
11 Dp. Eachselleri of sizes; who is offereda price increaseDp
suppliesthe fund managermwith g; sharesElementay consider
ationsleadusto hypothesizeg < §Dp (seeSupplementay Infor-
mation). Thenumberof selleravailableafterthefund managehas
waitedatime T is proportional to T. Thusafteratime T, the fund
managercan,on averagebuy aquantity of sharegqualto kTkd Dp
for someproportionality constantk. The searctprocessstops(and
thetradesareexecutedsimultaneouslyyvhenthedesiredjuantity V
is reached that is, whenkTlkdDp~ V; sothetime neededo ®nd
the sharess:

vV
idkDp’' Dp

Hencethereisatrade-offbetweercostDp andthetime to execution
T, if thefund managedesiredo realizethetradein ashott amount
of time T, the managemust payalargepriceimpactDp, V=T:
Letus considerthe fund managers decisionproblem.Managers
trade on the assumptionthat a given stock is mispriced by an
amount M, de®nedasthe differene betweerthe fair valueof the
stockandthe tradedprice**2>2¢ The managemantsto exploitthis
mispricing quicky, as he expets that the mispricing will be
progressivelyorrected that is, expectdhat the price will increase

.8f

E(?1V)

20

Figure2 Conditionekpectatimfthesquareceturrr 2 giverthevoluma/. Herethe
returris normalizeasin Fig.1andthevolumés normalizeabVi, ~ %=V; wheréh
istheaverageftheunnormalizadlumeﬁ of stock. Thebandsepreser@i5%
con®denaeervald heheorpredictarelatiof%4j VS ~ aVt b; the squareoot’
pricempacbfvolumeStatisticaéstseporteth theSupplemerylinformation
con®rrthisrelation.
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ataratem Hence afteradelayof T, theremainingmispricingisonly
M 2 nT. Thetotal pro®tpershareB/V isthe redizedexcesgeturn

M 2 nT minus the price concessiorbp, which gives:
B” V.M2 nT2 Dpt of

The fund manages goal is thus to maximizeB, the pereived

dollarbene®trom trading. Theoptimal priceimpactDp maximizes a 2

B subjet to eguation (8), T~ aV=Dp; that is, Dp maximizes
V.M 2 maV=Dp2 Dpt, whichgivesequatia (5).

Thetime to executionis T, V=Dp, V2 andthe number of
‘chunks'in which the block is divided is N, T, V¥2: These
effecthawebeemualitativelydocumentedn refs11,12,23.Thelast
relationgives:

Zn" 2zy

.10t

which in turn predicts zy "~ 3, a value that is approximately
consistenwith the empiricalvalueof 3.4 (ref. 10).

Thusfar, we hawe atheoretcalframeworkfor understandinghe
square-root price impact of trades,equation (5), which with
equation(2) explainsthe cubic law of returns, equation(1). We
now focuson understandingequatian (2).

We showthat returns and volumes are powerlaw distributed
with tail exponents:

z," 3andzy” 3=2 A1t

provided the following four conditions hold: (1) the power law
exponentof mutual fund sizeds zs~ 1 (Zipf'slaw); (2) the price
impactfollowsthe squareroot law, equation(5); (3) fundstradein
typical volumesV < S%with d. 0; and (4) funds adjusttrading
frequencyand/or volume soasto pay transactionscostsin sucha
waythat if wede®ne(9S) as:

Annual amount lost by the fund in price impact
Value S of the assetsinder management

thend 9 isindependenbf Sfor largeS

Theempiricalvalidity of conditions(1) and(2) wasshownabo\e,
while condition (3) is a weak,largelytechnical,assumptiondis-
cussedn the Supplementay Information. Condition (4) means
that fundsin the uppertail of the distribution payroughly similar
annual price-impactcosts;that is, S reachesan asynptote for
largesizesWeinterpretthis asanevolutionag “sunival constraint’
Fundsthat would hawe a very larged S would have smallreturns
andwould beeliminatedfrom the market. Theawerageaeturn r(S
of fundsof sizeSis independenbf S(ref. 27). Becauséoth small
andlargefundshawesimilarlylow ability to outperformthe market,
o9 isalsoindependenf S

ForeachblocktradeV (S afund of sizeSincursapriceimpact
proportional to VDp which, from condition (2), is V2 If F (9 is
the fund's annual frequenc%/of trading, then the annuallossin
transactionsostsis F(9V®, so:

c.St "~ F.St%$.5t&2=S A3t

Condition (4) impliesthateitherV(S) or K will adjustin orderto
satisfy

c.St; A2t

F.St, S%4.5r&%2 .14t

Condition (1) impliesthat the probability density function for
mutual funds of sizeSisr.St, S 2. Becauseondition (3) states
thatV, §'. x; andbecaus¢heytradewith frequencygivenby F
(9 in equation(14):

P.V.

xt, F.Sir.StdS

g x
.15f

, 812 3d:282 st, X2 3=2
S xid

which leadsto a powerlaw distribution of volumeswith exponent
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Empirical data Predictions
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Figure3 Conditionakpectatiomsr E¢j V°), E(V°j r), ENj V°), ENj N°), and
E(N°/Nj V°). Weformforeachintervabt = 15min thequantitiel)r, thereturn(2)
Vg (0Vg),thenumbenfsharesxchangeédabuyerforselleripitiatettadé®; (3)Ng
(orNg), thenumbeofbuyer{orseller-initiatedradesy’; Vg2 Vs, andN’;

Ns2 Ns: Theleftpanelshowtheempiricatalue$orthel16mosftrequently
tradedstocksn the TradeandQuotesiatabastrthe2-yrperiod 994+1995
Variablerenormalizedunitvarianceftersettinghemeanozeroforvariablesuch
asvoluméorwhichthevariancdoesotexistwehavenormalizdagythe®rsmoment
insteadT herightpanelshowthemodel'predictionsyhichagreaveliwiththe
empiricalata.
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zy "~ 3/2.Moreova, from equation(7), it followsthatz,~ 3.1In
addition, the aboweresultdoesnot dependon detailsof thetrading
stratey, such as the speci®cvalue of d. (The Supplementaty
Information indicatesa number of waysin which one canweaken
theassumptionsfindependenandidenticaldistributionsmadein
this Letter)

Although our modelis mainly motivatedby the reguarities of
returns, volume and number of tradestaken separatelywe also
malke predictionsfor the joint behaviourof thosequantities.In a
giventime interval Dt, therewill beJ rounds'whereafund manager
createsone or more trades.Eachround j createsa volume V;j, a
return A V¥ and a number of tradesV}™: Thgn the total
y,olume r21umberof psades,andzreturns will beV ; ViiN;

V]‘ andr; lV‘;W|th L7 ML Asameasueof
trade |mbalancewe useN the numberof buyerinitiated trades
minusthe numberof sellennltlated trade$?, andV"’, the numberof
sharesexchangedn a buyerinitiated trade minus the number of
shareexchangedn sellerinitiated trades.

We nextfocuson equal-timerelationshipshetweerv, N, and V°
(ref. 24), usingdatafrom the “Tradesand Quotes'database(New
York Stock Exchange; http://www.nysecam). These equal-time
relationships are found to be universd across the large set of
stocksanalysedn ref. 24. Figure 3a shows that the pricesimpact
function E.rj Vv *tproducedby the modelmatcheslata.We obseve
thatJ.. 1(aggregatinoverseverktrades) attenstheshapeofthe
priceimpactversus/. We studyavariantof Fig. 3ain Fig. 3b, which
plots E.\ °jrt. Surpiisingly, the shapeis now roughly linear, a
feature predicted by the model. The cause of the linearity is,
aqain, the aggegaton over severl trades Figure 3c, E(NjV9),
testshemodelprediction that periodswith largevolumeimbalance
V'are periods where alarge number N of trades are made. One sees
that the datadisplay ardationship tha issimilar to that predicted by
themodd. Figures3atcsuypport theview tha largereturnsand large
numbersof tradesgo togetherwith largevolumeimbalances/°

It is an important featue of the model that largetradesbeget
more trades.Indeed,in our model:

iNT,

N et

for largeN andis dominatedby onelargefund managewhodesires
to tradeavolume V;, and createss numberof ordersV = 2: sothat
N;, N, jNj and jN I hawe the sameorder of magnltude V2
Relation (16) meansthat most tradeshawe the samesign, that is,
move the pricein the samedirectiorb with the signof the tradeof
thelargefund managerEquation(16) isindeedconsistentwith the
empirical data shown in Fig. 3d. This contrass with a simple
alternativemodel where eachdesireto trade would createonly
onetrade,asin alsompetltl\e market.In this alternativemodelwe
would haveN °~ > 11.,WhereeI A 1,leadingtojN G, N*2in
the tail eventsor E% N °S, N % in contrastto the datain Fig. 3d.
Figure 3e suppotts the view that in periods of high volume
imbalanceV®, mosttradeschangethe pricein the samedirection.
Indeed the dataandthe modelexhibitasimilar sharptransition of
NN asV° changesign. A

Receied 10 Decenber 2002;acepted4 April 2003;doi:10.1038/natwe01624.
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Defects and their assciated long-range strain ®eldsare of
considerableimportancein many areasof materials sciencé?
For example,a major challengefacing the semionductor indus-
tryistounderstandthein uence of defectson deviceoperation, a
taskmadedif®cult by the fact that their interactionswith charge
carriers can occur far from defectcores, wherethe in"uence of
the defect is subtle and dif®cut to quantify** The accurate
measurementof strain around defectswould therefore allow
more detailed understanding of how strain ®eldsaffect small
structures in particular their electronic,mechanicaland chemi-
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